Type II singularities are a phenomenon encountered in closed kinematic chains. Characteristically, they lead to diverging actuator forces and loss of motion control. As a general solution to this problem, it is suggested in the literature that the dynamic model of the mechanism is made consistent at the singular configuration so that the singularity can be passed through smoothly. In line with this principle, the present paper analytically explores the guidelines for motion planning of four-bar mechanisms in the presence of type II singularities. With this purpose in mind, four theorems and two corollaries are developed and proved. Considering that four-bar mechanisms are widely used in various industrial applications, the theoretical outcomes of the paper are believed to be important also from a practical point of view.
INTRODUCTION
A great number of studies on robotics have been devoted to closed-loop (or parallel) manipulators. Despite their numerous advantages over serial robotic arms, parallel manipulators have workspace limitations, mainly stemming from type II singularities [1] [2] [3] . Motion control is lost and the mechanism may be damaged due to the divergence of the actuator forces around these positions [1, 4, 5] . Therefore, it is crucial to develop effective methods for enabling a closed-loop mechanism to smoothly pass through this kind of singular configurations.
The inherent solution is to use redundancy [6] . Recent variations of this kind of attempts can be found in [7, 8] . However, non-redundancy offers improvements in terms of cost and complexity. One of the solutions in this regard is the planning of the motion in order to ensure the consistency of the dynamic model even at the singular position [9] [10] [11] [12] [13] . This motion planning technique has been also adapted to rigid-link flexible-joint and flexible parallel robots [14, 15] . Two alternative methods have been recently proposed by the present author. These alternatives are the method of singularity robust balancing and the singularityconsistent payload placement method [16, 17] .
Although the general conditions for the dynamic model of parallel robots to be consistent at a singular configuration are well identified in the literature, deriving a complete set of guidelines for the motion planning of a particular mechanism passing through such configurations still requires a thorough analysis of the problem. While the existing studies have focused primarily on high degree-of-freedom mechanisms, one-degree-of-freedom mechanisms are also widely used in numerous industrial systems [18] . Use of flywheels or a double four-bar mechanism has been suggested particularly for dealing with singularities of four-bar mechanisms [19] . Hence, this paper is aimed at analytically deriving the guidelines for the motion planning of four-bar mechanisms in the presence of type II singularities. The paper is organized as follows: First, Section 2 provides some background on the dynamic model and type II singularities of the mechanism. Then, in Section 3, the motion planning guidelines in the presence of type II singularities are derived in the form of four theorems and two corollaries. Following this, in Section 4, a demonstrative example is presented. Finally, Section 5 concludes the paper by summarizing the highlights of the study.
PRELIMINARIES
Referring to Figure 1 , the closed-loop constraint equations of a planar RRRR four-bar mechanism can be written as follows :   2  2  3  3  1  4  4 cos cos cos a a a a  is the input variable and choosing q as the generalized coordinates, the dynamic equations of the mechanism can be written using the Lagrangian method as follows.
where    are the Lagrange multipliers.
For a prescribed motion of the mechanism, Equation 6 is a system of three equations in three unknown variables, namely, T , 1  and 2  . However, these three variables appear together only in the first row of the matrix Equation 6 whereas T does not show up in its second and third rows. Therefore, provided the second and third rows of the matrix Equation 6 can be solved for the Lagrange multipliers, one can obtain the necessary motor torque from its first row. However, this becomes impossible and a type II singularity occurs when   
or, equivalently, when 34 0,
It should be obvious at this point that H is the coefficient matrix of the Lagrange multipliers in the second and third rows of the matrix Equation 6, i.e. it is nothing but a partition obtained by deleting the first row of T Φ . 
Fen ve Mühendislik Dergisi

THEOREMS ON MOTION PLANNING OF FOUR-BAR MECHANISMS IN THE PRESENCE OF TYPE II SINGULARITIES
In the rest of the paper, the superscript * over a variable x denotes the value of that variable at a type II singular configuration, i.e. 
 
For a prescribed motion of the mechanism, the joint velocities and accelerations are calculated as     
Remark 2.
If the mechanism works in the horizontal plane, then the G vector will be a zero vector and, consequently,  will be simply zero.
Remark 3.
In order to prevent the mechanism from being instantaneously at rest at the singular position, * 3  should be selected to be non-zero. Figure 1 
Theorem 2. Consider a four-bar mechanism, as shown in
(ii) For 0   , A useful corollary to Theorem 2 is as follows:
Corollary 2. Under the definitions and assumptions of Theorem 2, in order to obtain a realizable motion passing through a type II singularity:
 cannot be assigned a non-positive value.
(ii) For 0
 cannot be assigned a non-negative value. 
Proof. Keeping in mind Corollary
NUMERICAL EXAMPLE
This section presents a numerical example to show the application and effectiveness of the proposed guidelines. The parameters of the mechanism are chosen as given in Table 1 . The mechanism is assumed to work in the horizontal plane (i.e. 0   ). The task is described as follows:  The mechanism will start from As can be understood from Figure 3 , since the motion is planned according to Equation 39, the mechanism can pass smoothly through the singularity. 
CONCLUSIONS
This paper studies in depth the motion planning of the classical four-bar mechanism in the presence of type II singularities by proposing four theorems and two corollaries. There should be no doubt on that four-bar mechanisms are used in an enormous range of applications in industry and machinery. The highlights of the study can be summarized as follows:
 Theorem 1 gives, in its simplest form, the relation between the consistent angular velocities and accelerations of the output link at the singular configuration.  It is shown analytically that the consistent angular velocities and accelerations of the output link at the singularity, in general, describe a parabola in the  -plane.  Theorem 2 gives the lower or upper bound for output angular accelerations that are realizable at the singular configuration.  Corollary 2 states the realizable sign of the output angular acceleration at the singular position.  Theorem 3 is able to cover tasks that are prescribed with a constant angular velocity of the output link.
Last but not least, the analysis presented here is believed to bring new insights into the synthesis of four-bar mechanisms. 
